A harmonic function u(x, y) of the two variables x, y t which is defined in a circle, and which has a normal derivative vanishing on an open set of points on the circle, may be uniquely extended to all points exterior to the circle by assigning the same value to u at any point P' outside the circle as is assumed by u at the point JP, image of P' with respect to the circle. The resulting function is harmonic in the entire plane except on the complement of the given open set with respect to the circumference of the circle. In this paper it will be investigated whether or not an analogous result holds for harmonic functions of three variables.
A harmonic function u(x, y) of the two variables x, y t which is defined in a circle, and which has a normal derivative vanishing on an open set of points on the circle, may be uniquely extended to all points exterior to the circle by assigning the same value to u at any point P' outside the circle as is assumed by u at the point JP, image of P' with respect to the circle. The resulting function is harmonic in the entire plane except on the complement of the given open set with respect to the circumference of the circle. In this paper it will be investigated whether or not an analogous result holds for harmonic functions of three variables.
Let r, 0, 0 be spherical coordinates, and let S be the sphere r = l. We consider a function u(r, <£, 0) which is harmonic in the interior of the sphere and which together with its normal derivative is continuous on S. We suppose that 0 is a set of points of S, open with respect to S, on which (du/dr) = 0. If M is a point interior to the sphere, then M' is the image of M with respect to S; that is, M' is on the ray OM, where O represents the origin, and OMOM' = 1. On occasion the notations u{r) and u(r') will be used; they refer actually to u(r, $, 6) and u{r f , 0, 0), where (V, </ >, 0) and (r', 0, 0) are images with respect to S, so that rr' = 1. The variables 0 and 6 are omitted when there is no cause for confusion. The symbol 12 is used to denote either the set of points on the sphere or the set of values of cj> and 6 corresponding to these points; in each case the meaning will be clear. If a point M{r, 0, 6) is under discussion, Q will denote the point on S on the ray OM.
Let 
r dr Furthermore V vanishes on OE. Its harmonic extension across Q, is given by the formula
Inside 5, V(r) =r(du/dr), and by analytic extension V(r) will be representable in this form everywhere. Outside S then, V(r') = r '[dv(r')/dr'] . Equating the two expressions obtained for V(r'), we have
On integrating this by parts, we obtain
Since v is harmonic, it satisfies Laplace's equation, « **« -7*{i(
If we insert this last value for A 2 v(r') into (3'), it results immediately that (4) implies that A 2 w = (du/dr) Q , and the proof of the lemma is completed.
Let G(Q) and H(Q) be any functions on S with continuous second derivatives, and let Dbea domain on S bounded by a curve C with continuous normal. We have the relation* The differentiation d/dn is with respect to the outer normal to C. Let P be a point of 5, and let C be a small circle about P. Let D be the larger of the two domains determined. For H take the function w(Q) as defined in Lemma 1. Then A 2 w(Q) is (du/dr) Q , and we denote this latter function by F(Q). For G(Q) we take the function log sin \f//2 where \p= <fc (OP, OQ) . By differentiation, A 2 log sin \f//2 is found to be -1/2, and the second integral of (5) reduces to
If the radius of C is allowed to approach zero, it is shown without difficulty that the first integral of (5) approaches -2TTW(P). We then have
The first term of the right-hand member of (6) does not depend on P.
On 12, we have w(P)=0, since there v(P)=u(P). Consequently, we obtain
for P on 12.
LEMMA
If a continuous function F(Q) represents the values assumed by the normal derivative of a harmonic f unction u on 5, then
Here the integration is performed along the ray OP, and as before,
t=Z(OP,OQ).
Poisson^ formula gives the value of a harmonic function h{P) at a point P interior to 5 in terms of its values h(Q) on 5,
In particular, apply the formula (9) Since « is harmonic, ff s F(Q)dSQ = 0, and the above is the same as
Evaluating the inner integral, we find
where r=(l+/ 2 -2/ cos \f/) 112 . Let e approach zero. The bracketed expression in the integral, evaluated for t = e y approaches 2+log (1 -cos \p) -log 2, and if this value is inserted, we obtain
-rJh mdS°{ i+"-^TÏTO " log (1 " ""I • where i£ = (1 +r 2 -2r cos xp) 112 . By combining the last two terms of the right-hand member of (10) we can reduce it to the simpler form (100 u(r) ~ «(0) = -ƒ ƒ F(Q)dS Q {j -log (1 + R -r cos *) |.
We are now in a position to calculate f 0 udr. 
1
. <A log (1 -cos \f/)dr = log (1 -cos \p) = 2 log sin -• + log 2.
Substituting for the three definite integrals their values as just computed, we have
and the lemma is proved. From (7) and (8) it follows that J\udr is constant on 0, and the necessity of the condition of the theorem is proved.
To prove the sufficiency, suppose that f 0 udr = c on 0. Then for Q on S y we take for w(Q) =v(Q)-u(Q) the function c-J^udr. The function v(r') as given by (2) If a function u does exist as described, then
where r is any radius not exceeding one and dSç is an element of the area of the unit sphere. Thus
From (8) we see that F(Q), the value of the normal derivative of u on 5, must satisfy the equation
To determine F(P) perform the operation A 2 on both sides of the integral equation (12). The first term of the right-hand member gives a term -F(P) because of the singular integrand log sin ^/2,* and in addition a term coming from the differentiation under the integral sign:
Now ff s log sin yfz/ldSrT^O, for the integrand is of constant sign; therefore ff s F(Q)dS Q = 0. Hence
If (12) (13) and (10) Suppose we are given a metrisablef space E. Let M be the class of all allowable metrics on E. Let Mb, M cy MB, and Mc be, respectively, the classes of metrics in which the space is bounded, complete, totally bounded, and totally complete. The purpose of this note is to obtain systematically all possible theorems which state the equivalence of some topological property of E (such as compactness, or separability) to the existence or non-existence of metrics having some of the above properties. An example is the well known theorem:
In order that E be compact it is necessary and sufficient that it be complete in every allowable metric.
The problem may also be stated as follows : Using the four definitions as principles of classification and noting the inclusions f A topological space will be called metrisable if it is possible to define its continuity properties by means of a metric. Any metric which serves this purpose will be called allowable, and the space in conjunction with such a metric will be called a metric space. A metric space will be called bounded if there is a finite upper bound to the distance between any pair of its points. It will be called complete if every Cauchy sequence converges. It will be called totally bounded if it is, for every positive number e, the sum of a finite number of sets of diameter less than e. It will be called totally complete if every bounded set is compact. See C. Kuratowski, Topologie I, pp. 82, 87, 91, 196. 
